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On Full Orthogonal Designs in Order 72S. Georgiou, C. Koukouvinos, and Jennifer SeberryyJuly 23, 2000AbstratWe nd new full orthogonal designs in order 72 and show that of 2700 possibleOD(72; s1; s2; s3; 72 s1 s2 s3) 335 are known, of 432 possible OD(72; s1; s2; 72 s1 s2)308 are known. All possible OD(72; s1; 72  s1) are known.Key words and phrases: Constrution, sequenes, irulant matries, amiable sets, orthogo-nal designs.AMS Subjet Classiation: Primary 05B15, 05B20, Seondary 62K05.1 IntrodutionAn orthogonal design of order n and type (s1; s2; : : : ; su) (si > 0), denotedOD(n; s1; s2; : : : ; su),on the ommuting variables x1; x2; : : : ; xu is an nnmatrixA with entries from f0;x1;x2; : : : ; xug suh that AAT = ( uXi=1 six2i )InAlternatively, the rows of A are formally orthogonal and eah row has preisely si entries ofthe type xi. In [1℄, where this was rst dened, it was mentioned thatATA = ( uXi=1 six2i )Inand so our alternative desription of A applies equally well to the olumns of A. It was alsoshown in [1℄ that u  (n), where (n) (Radon's funtion) is dened by (n) = 8+2d, whenn = 2ab, b odd, a = 4+ d, 0  d < 4.A weighing matrix W = W (n; k) is a square matrix with entries 0;1 having k non-zero entries per row and olumn and inner produt of distint rows zero. Hene W satisesWW T = kIn, and W is equivalent to an orthogonal design OD(n; k). The number k is alledthe weight of W . If k = n, that is, all the entries of W are 1 and WW T = nIn, then W isalled an Hadamard matrix of order n.In this ase n = 1; 2 or n  0(mod 4).Department of Mathematis, National Tehnial University of Athens, Zografou 15773, Athens, Greee.yDepartment of Computer Siene, University of Wollongong, Wollongong, NSW, 2522, Australia.1
Given the sequene A = fa1; a2; : : : ; ang of length n the non-period i autoorrelationfuntion NA(s) is dened asNA(s) = n sXi=1 aiai+s; s = 0; 1; : : : ; n  1; (1)If A(z) = a1 + a2z + : : :+ anzn 1 is the assoiated polynomial of the sequene A, thenA(z)A(z 1) = nXi=1 nXj=1 aiajzi j = NA(0) + n 1Xs=1NA(s)(zs + z s); z 6= 0: (2)Given A as above of length n the periodi autoorrelation funtion PA(s) is dened, reduingi+ s modulo n, as PA(s) = nXi=1 aiai+s; s = 0; 1; : : : ; n  1: (3)The following theorem whih uses four irulant matries in the Goethals-Seidel array is veryuseful in our onstrution for orthogonal designs.Theorem 1 [2, Theorem 4.49℄ Suppose there exist four irulant matries A, B, C, D oforder n sati sfying AAT +BBT +CCT +DDT = fInLet R be the bak diagonal matrix. ThenGS = 0BBB A BR CR DR BR A DTR  CTR CR  DTR A BTR DR CTR  BTR A 1CCCAis aW (4n; f) when A, B, C, D are (0; 1; 1) matries, and an orthogonal design OD(4n; s1; s2;: : : ; su) on x1; x2; : : : ; xu when A, B, C, D have entries from f0;x1; : : : ;xug and f =Puj=1(sjx2j). 2Corollary 1 If there are four sequenes A, B, C, D of length n with entries from f0;x1; x2;x3;x4g with zero periodi or non-periodi autoorrelation funtion, then these se-quenes an be used as the rst rows of irulant matries whih an be used in the Goethals-Seidel array to form an OD(4n; s1; s2; s3; s4). We note that if thew non-periodi autoorrela-tion funtion is zero, then there are sequenes of length n+m for all m  0. 2This method for onstruting orthogonal designs was used in [3, 5, 6℄. Furthermore, in[6℄ a omplete study for two variable orthogonal designs in order 36 was given, and in [3℄ aomplete study for three and four variable orthogonal designs in order 36 was also presented.Throughought this paper we will use the denition and notation of Koukouvinos, Mitrouli,Seberry and Karabelas [5℄.A pair of matries A;B is said to be amiable (anti-amiable) if ABT  BAT = 0 (ABT +BAT = 0). Following [4℄ a set fA1; A2; : : : ; A2ng of square real matries is said to be amiableif nXi=1 A(2i 1)AT(2i)  A(2i)AT(2i 1) = 0 (4)2
for some permutation  of the set f1; 2; : : : ; 2ng. For simpliity, we will always take (i) = iunless otherwise speied. SonXi=1 A2i 1AT2i  A2iAT2i 1 = 0: (5)Clearly a set of mutually amiable matries is amiable, but the onverse is not true ingeneral. Throughout this paper Rk denotes the bak diagonal identity matrix of order k.Let fAig8i=1 be an amiable set of irulant matries of order t, satisfying the additiveproperty for (s1; s2; : : : ; sk). Then the Kharaghani array
H = 0BBBBBBBBBBBB
A1 A2 A4Rn A3Rn A6Rn A5Rn A8Rn A7Rn A2 A1 A3Rn  A4Rn A5Rn  A6Rn A7Rn  A8Rn A4Rn  A3Rn A1 A2  AT8Rn AT7Rn AT6Rn  AT5Rn A3Rn A4Rn  A2 A1 AT7Rn AT8Rn  AT5Rn  AT6Rn A6Rn  A5Rn AT8Rn  AT7Rn A1 A2  AT4Rn AT3Rn A5Rn A6Rn  AT7Rn  AT8Rn  A2 A1 AT3Rn AT4Rn A8Rn  A7Rn  AT6Rn AT5Rn AT4Rn  AT3Rn A1 A2 A7Rn A8Rn AT5Rn AT6Rn  AT3Rn  AT4Rn  A2 A1
1CCCCCCCCCCCCAis an OD(8t; s1; s2; : : : ; sk).The Kharaghani array whih uses amiable sets of eight matries is also very useful inour onstrutions for orthogonal designs.The following lemma applies a lemma given in Georgiou, Koukouvinos, Mitrouli andSeberry [3℄ to determine the number of possible tuples to be searhed determining the sizeof searh spae for orthogonal designs in order 72.Lemma 1 Let n = 4m = 72 be the order of an orthogonal design then the number of aseswhih must be studied to determine whether all orthogonal designs exist is(i) 14n2 = 1296 when 2 tuples are onsidered;(ii) n72 (2n2 + 3n  6) = 10578 when 3-tuples are onsidered;(iii) 1576 (n4 + 6n3   2n2   24n) = 50523 when 4 tuples are onsidered.2 New full orthogonal designs from smaller ordersTheorem 2 There are OD(72; s1; s1; 36 s1; 36 s1) onstruted using the full OD(36; s1; 36 s1) given in [3; Theorem8℄ for:(1; 1; 35; 35)(2; 2; 34; 34)(3; 3; 33; 33)(4; 4; 32; 32)(5; 5; 31; 31) (6; 6; 30; 30)(7; 7; 29; 29)(8; 8; 28; 28)(9; 9; 27; 27)(10; 10; 26; 26) (11; 11; 25; 25)(12; 12; 24; 24)(13; 13; 23; 23)(14; 14; 22; 22) (15; 15; 21; 21)(16; 16; 20; 20)(17; 17; 19; 19)(18; 18; 18; 18)Proof. We use the amiable orthogonal designs of type AOD(2; (1; 1); (1; 1)) in order twowith the two variable designs in order 36 to obtain the desired designs in order 72. 23
Theorem 3 There are full OD(72; s1; s2; s3; 72   s1   s2   s3) onstruted using the fullOD(36; s1; s2; 36   s1   s2) and OD(36; s1; s2; s3; 36   s1   s2   s3) designs in order 36 forthe 4-tuples given in Table 1:Theorem 4 There are OD(72; s1; s1; 2s2; 2s3; 72   2s1   2s2   2s3) onstruted using theMultipliation Theorem [2, Lemma 4.11℄ with the full OD(36; s1; s2; s3; 36   s1   s2   s3)given in [3; Theorem2℄ for the values given in Table 2:Theorem 5 There are OD(72; s1;    su; 72   ui=1si) onstruted using OD(24; t1; t2; t3; t4;t5; t6; t7; 24  7i=1ti) as follows;1; 2; 9; 10; 501; 5; 6; 10; 502; 2; 8; 10; 502; 7; 63 2; 10; 15; 452; 9; 27; 342; 17; 533; 6; 6; 9; 48 3; 6; 6; 27; 303; 6; 15; 18; 303; 6; 18; 18; 273; 15; 18; 18; 18 4; 8; 20; 404; 20; 24; 245; 6; 6; 558; 12; 12; 40Proof. We use irulant and bak irulant matries to replae the variables in orthogonaldesigns of order 24 in the ases of table 3: If the matrix is symmetri suh as that with rstrow  b b; we use the irulant matrix. However if the matrix would not be symmetri suhas that with rst row a b-b we use the bak irulant matrix to replae the variables in theorthogonal design.Table 5 gives the results for (4; 8; 20; 40); (4; 20; 24; 24) and (8; 12; 12; 40) using the sym-metri matrix C = W (6; 5) and the identity matrix I with the variables x, y, z and w toreplae the variables of an orthogonal design of order 12. 2In table 6 we present the new amiable sets of eight matries whih an be used in theKharaghani array to onstrut some new full orthogonal designs in order 72.We use the results of the theorem 5 to form Table 8:3 Full designs with even parametersWe note that Seberry [7℄ showed that if allOD(n;x; y; n x y) exist then allOD(2n; z; w; 2n z w) exist for s  0 an integer. In partiular if all OD(2tp;x; y; 2tp  x  y) exist, for someodd integer p, then all OD(2t+sp; z; w; 2t+sp  z   w) exist for s  0 an integer we observeLemma 2 If all OD(2tp; 2x; 2y; 2tp 2x 2y) exist, for some odd integer p, then all OD(2t+sp;2z; 2w; 2t+sp  2z   2w) exist for s  0 an integer.Corollary 2 If OD(72; 12; 22; 38); OD(72; 14; 20; 38) and OD(72; 14; 28; 30) exist then allOD(2s+39; 2z; 2w; 2s+39  2z   2w) exist for s  0 an integer.Proof. A searh of full OD(72;x; y; 72   x  y) show only the parameters indiated are asyet unsolved. 24
(1; 1; 2; 68)(1; 1; 4; 66)(1; 1; 6; 64)(1; 1; 10; 60)(1; 1; 12; 58)(1; 1; 16; 54)(1; 1; 18; 52)(1; 1; 20; 50)(1; 1; 22; 48)(1; 1; 26; 44)(1; 1; 28; 42)(1; 1; 34; 36)(1; 2; 4; 65)(1; 2; 5; 64)(1; 2; 18; 51)(1; 2; 19; 50)(1; 2; 34; 35)(1; 3; 4; 64)(1; 3; 18; 50)(1; 3; 34; 34)(1; 4; 12; 55)(1; 4; 13; 54)(1; 4; 22; 45)(1; 4; 23; 44)(1; 5; 12; 54)(1; 5; 22; 44)(1; 6; 16; 49)(1; 6; 17; 48)(1; 7; 16; 48)(1; 10; 10; 51)(1; 10; 11; 50)(1; 16; 18; 37)(1; 16; 19; 36)(1; 17; 18; 36)(2; 2; 2; 66)(2; 2; 4; 64)(2; 2; 6; 62)(2; 2; 9; 59)(2; 2; 12; 56)(2; 2; 14; 54)(2; 2; 16; 52)(2; 2; 17; 51)(2; 2; 18; 50)(2; 2; 22; 46)(2; 2; 24; 44)(2; 2; 25; 43)(2; 2; 26; 42)(2; 2; 32; 36)(2; 2; 34; 34)(2; 3; 3; 64)(2; 3; 16; 51)(2; 3; 19; 48)(2; 4; 6; 60)(2; 4; 11; 55)
(2; 4; 12; 54)(2; 4; 22; 44)(2; 4; 27; 39)(2; 4; 32; 34)(2; 4; 33; 33)(2; 5; 5; 60)(2; 5; 10; 55)(2; 5; 15; 50)(2; 6; 6; 58)(2; 6; 8; 56)(2; 6; 10; 54)(2; 6; 12; 52)(2; 6; 14; 50)(2; 6; 16; 48)(2; 6; 24; 40)(2; 6; 32; 32)(2; 8; 8; 54)(2; 8; 12; 50)(2; 8; 14; 48)(2; 8; 18; 44)(2; 8; 26; 36)(2; 9; 9; 52)(2; 9; 11; 50)(2; 9; 16; 45)(2; 9; 25; 36)(2; 10; 10; 50)(2; 10; 25; 35)(2; 10; 30; 30)(2; 11; 11; 48)(2; 11; 15; 44)(2; 12; 24; 34)(2; 12; 26; 32)(2; 12; 27; 31)(2; 12; 29; 29)(2; 13; 13; 44)(2; 14; 14; 42)(2; 14; 24; 32)(2; 16; 16; 38)(2; 16; 18; 36)(2; 16; 24; 30)(2; 16; 26; 28)(2; 16; 27; 27)(2; 17; 17; 36)(2; 17; 19; 34)(2; 18; 18; 34)(2; 18; 25; 27)(2; 18; 26; 26)(2; 20; 25; 25)(2; 21; 21; 28)(2; 22; 22; 26)(2; 22; 24; 24)(3; 3; 4; 62)(3; 3; 6; 60)(3; 3; 12; 54)
(3; 3; 16; 50)(3; 3; 18; 48)(3; 3; 20; 46)(3; 3; 22; 44)(3; 3; 30; 36)(3; 4; 12; 53)(3; 4; 15; 50)(3; 5; 16; 48)(3; 6; 6; 57)(3; 6; 9; 54)(3; 6; 12; 51)(3; 6; 15; 48)(3; 6; 30; 33)(3; 7; 12; 50)(3; 9; 12; 48)(3; 9; 30; 30)(3; 12; 18; 39)(3; 12; 21; 36)(3; 15; 18; 36)(4; 4; 16; 48)(4; 4; 32; 32)(4; 6; 6; 56)(4; 6; 8; 54)(4; 6; 12; 50)(4; 6; 24; 38)(4; 6; 25; 37)(4; 6; 30; 32)(4; 6; 31; 31)(4; 7; 7; 54)(4; 8; 8; 52)(4; 8; 16; 44)(4; 8; 24; 36)(4; 8; 26; 34)(4; 9; 9; 50)(4; 11; 11; 46)(4; 11; 13; 44)(4; 12; 12; 44)(4; 12; 16; 40)(4; 12; 24; 32)(4; 12; 25; 31)(4; 12; 27; 29)(4; 12; 28; 28)(4; 13; 13; 42)(4; 13; 16; 39)(4; 13; 26; 29)(4; 14; 27; 27)(4; 16; 16; 36)(4; 16; 18; 34)(4; 16; 20; 32)(4; 16; 24; 28)(4; 16; 26; 26)(4; 17; 17; 34)(4; 18; 18; 32)(4; 18; 25; 25)
(4; 21; 21; 26)(4; 22; 22; 24)(4; 22; 23; 23)(5; 5; 10; 52)(5; 5; 12; 50)(5; 5; 16; 46)(5; 5; 26; 36)(5; 7; 10; 50)(5; 10; 16; 41)(5; 10; 21; 36)(5; 10; 26; 31)(5; 15; 16; 36)(5; 15; 26; 26)(6; 6; 6; 54)(6; 6; 10; 50)(6; 6; 12; 48)(6; 6; 14; 46)(6; 6; 15; 45)(6; 6; 18; 42)(6; 6; 24; 36)(6; 6; 27; 33)(6; 6; 28; 32)(6; 6; 30; 30)(6; 8; 8; 50)(6; 8; 10; 48)(6; 9; 9; 48)(6; 9; 12; 45)(6; 9; 21; 36)(6; 10; 10; 46)(6; 10; 24; 32)(6; 11; 11; 44)(6; 12; 18; 36)(6; 12; 24; 30)(6; 12; 25; 29)(6; 12; 27; 27)(6; 15; 15; 36)(6; 15; 21; 30)(6; 16; 24; 26)(6; 16; 25; 25)(6; 18; 18; 30)(6; 18; 24; 24)(6; 20; 23; 23)(6; 22; 22; 22)(7; 7; 12; 46)(7; 7; 16; 42)(8; 8; 8; 48)(8; 8; 10; 46)(8; 8; 14; 42)(8; 8; 16; 40)(8; 8; 18; 38)(8; 8; 20; 36)(8; 8; 24; 32)(8; 8; 26; 30)(8; 10; 10; 44)
(8; 10; 18; 36)(8; 12; 16; 36)(8; 12; 26; 26)(8; 16; 16; 32)(8; 16; 20; 28)(8; 16; 24; 24)(8; 20; 20; 24)(9; 9; 12; 42)(9; 9; 16; 38)(9; 9; 18; 36)(9; 9; 26; 28)(9; 11; 16; 36)(9; 12; 15; 36)(9; 18; 18; 27)(10; 10; 13; 39)(10; 10; 16; 36)(10; 10; 18; 34)(10; 10; 20; 32)(10; 10; 22; 30)(10; 10; 25; 27)(10; 10; 26; 26)(10; 12; 25; 25)(10; 13; 13; 36)(10; 13; 23; 26)(10; 16; 16; 30)(10; 16; 18; 28)(10; 16; 20; 26)(10; 16; 23; 23)(10; 18; 18; 26)(11; 11; 20; 30)(12; 12; 12; 36)(12; 12; 16; 32)(12; 12; 24; 24)(12; 14; 14; 32)(12; 14; 23; 23)(12; 15; 15; 30)(12; 16; 16; 28)(12; 16; 20; 24)(12; 18; 18; 24)(12; 18; 21; 21)(13; 13; 16; 30)(13; 13; 18; 28)(13; 13; 20; 26)(13; 16; 17; 26)(14; 14; 18; 26)(14; 16; 21; 21)(15; 15; 16; 26)(15; 15; 20; 22)(16; 16; 16; 24)(16; 16; 18; 22)(16; 16; 20; 20)(16; 18; 18; 20)(16; 18; 19; 19)(18; 18; 18; 18)Table 1: Full 4-variable OD(72; s1; s2; s3; 72   s1   s2   s3) onstruted from full three andfour variable designs in order 36 5
(1; 1; 2; 4; 64)(1; 1; 2; 18; 50)(1; 1; 2; 34; 34)(1; 1; 4; 12; 54)(1; 1; 4; 22; 44)(1; 1; 6; 16; 48)(1; 1; 10; 10; 50)(1; 1; 16; 18; 36)(2; 2; 2; 2; 64)(2; 2; 2; 12; 54)(2; 2; 2; 22; 44)(2; 2; 4; 32; 32)(2; 2; 6; 12; 50)(2; 2; 9; 9; 50)(2; 2; 12; 24; 32)(2; 2; 16; 16; 36)
(2; 2; 16; 26; 26)(2; 2; 17; 17; 34)(2; 2; 18; 25; 25)(2; 3; 3; 16; 48)(2; 4; 6; 6; 54)(2; 4; 11; 11; 44)(2; 4; 12; 27; 27)(2; 4; 22; 22; 22)(2; 5; 5; 10; 50)(2; 6; 8; 8; 48)(2; 6; 16; 24; 24)(2; 8; 8; 18; 36)(2; 9; 9; 16; 36)(2; 10; 10; 25; 25)(2; 16; 18; 18; 18)(3; 3; 4; 12; 50)
(3; 3; 6; 6; 54)(3; 3; 6; 12; 48)(3; 3; 6; 30; 30)(3; 3; 12; 18; 36)(4; 4; 16; 16; 32)(4; 6; 6; 6; 50)(4; 6; 6; 24; 32)(4; 6; 12; 25; 25)(4; 8; 8; 16; 36)(4; 8; 8; 26; 26)(4; 12; 12; 12; 32)(4; 12; 16; 16; 24)(4; 13; 13; 16; 26)(4; 16; 16; 18; 18)(5; 5; 10; 16; 36)(5; 5; 10; 26; 26)
(6; 6; 6; 6; 48)(6; 6; 6; 18; 36)(6; 6; 6; 27; 27)(6; 6; 12; 24; 24)(6; 6; 15; 15; 30)(6; 9; 9; 12; 36)(6; 12; 18; 18; 18)(8; 8; 8; 16; 32)(8; 8; 10; 10; 36)(8; 8; 16; 20; 20)(8; 16; 16; 16; 16)(9; 9; 18; 18; 18)(10; 10; 13; 13; 26)(10; 10; 16; 16; 20)(10; 10; 16; 18; 18)(12; 12; 12; 12; 24)Table 2: Full 5-variable designs in 72 from full 4-variable designs in 36Design in 24 Order 3 Cirulant Matries Used Design in 721; 1; 1; 1; 5; 5; 10 a b-b;- b b;  b b;-b b b; e d d;-e d d;-d d d; 1; 2; 9; 10; 501; 1; 1; 1; 5; 5; 10 a b-b;- b b;-b  ;-  ; e d d;-e d d;-d d d; 1; 5; 6; 10; 501; 1; 1; 1; 5; 5; 10 a b b;-a b b;  b-b;  b-b; e d d;-e d d;-d d d; 2; 2; 8; 10; 501; 1; 1; 1; 5; 5; 10 a b b;-a b b;-b b b;-b b b; d d d; e d-d; e d-d; 2; 10; 15; 451; 1; 1; 1; 5; 5; 10 a b b;-a b b;  b-b;  b-b; b b b;  b-b;-b b b; 2; 7; 631; 1; 1; 1; 5; 5; 10 a b b;-a b b;  b-b;  b-b; b b b;  b-b;  b-b; 2; 17; 531; 1; 1; 1; 3; 9; 8 b a a;-b a a; a a a; a a a; d d d; e d-d;-a a a; 2; 9; 27; 343; 3; 3; 3; 3; 3; 6 a b-b;- b b;  b b;-b b b; d e e; d-e-e;-e e e; 3; 6; 6; 27; 303; 3; 3; 3; 3; 3; 6 a b-b;- b b; b  ;-  ; d e e; d-e-e;-e e e; 3; 6; 15; 18; 303; 3; 3; 3; 3; 3; 3; 3 a b-b;- b b;  b b;-b b b; d e e; e-d-d;-e e e;-d d d; 3; 6; 18; 18; 273; 3; 3; 3; 3; 3; 3; 3 a b-b;- b b; b--;-  ; d e e; e-d-d;-e e e;-d d d; 3; 15; 18; 18; 181; 1; 1; 1; 5; 5; 10 a b b; b-a-a;-a a a;-b b b; e d-d; d d d;-d d d; 5; 6; 6; 553; 3; 3; 3; 3; 3; 3; 3 a b b;-a b b;  b b;- b b; d-b b; d-b b; d-b b;-b b b; 3; 6; 6; 9; 48Table 3: Full orthogonal designs in order 72 onstruted from full designs in order 24(1; 2; 9; 60)(1; 2; 10; 59)(1; 2; 19; 50)(1; 5; 6; 60)(1; 5; 10; 56)(1; 5; 16; 50)(1; 6; 10; 55)(1; 6; 15; 50)(1; 9; 10; 52)(1; 9; 12; 50)(1; 10; 11; 50)(2; 2; 8; 60)(2; 2; 10; 58)
(2; 2; 18; 50)(2; 8; 10; 52)(2; 8; 12; 50)(2; 9; 10; 51)(2; 9; 11; 50)(2; 9; 27; 34)(2; 10; 10; 50)(2; 10; 15; 45)(3; 6; 6; 57)(3; 6; 9; 54)(3; 6; 15; 48)(3; 6; 18; 45)
(3; 6; 27; 36)(3; 6; 30; 33)(3; 9; 10; 50)(3; 9; 12; 48)(3; 12; 27; 30)(3; 15; 18; 36)(3; 15; 24; 30)(3; 18; 18; 33)(3; 18; 21; 30)(3; 18; 24; 27)(4; 8; 10; 50)(5; 6; 6; 55)
(5; 6; 10; 51)(5; 6; 11; 50)(5; 7; 10; 50)(6; 6; 6; 54)(6; 6; 9; 51)(6; 6; 10; 50)(6; 6; 12; 48)(6; 6; 18; 42)(6; 6; 24; 36)(6; 6; 27; 33)(6; 6; 30; 30)(6; 9; 9; 48)
(6; 9; 27; 30)(6; 12; 24; 30)(6; 15; 18; 33)(6; 15; 21; 30)(6; 18; 18; 30)(6; 18; 21; 27)(6; 18; 24; 24)(9; 15; 18; 30)(9; 18; 18; 27)(12; 18; 18; 24)(15; 18; 18; 21)(18; 18; 18; 18)Table 4: Full 4-variable OD(72; s1; s2; s3; 72   s1   s2   s3) onstruted from full designspresented in table 3 6
Design in 12 Order 6 Matries Used Design in 722; 2; 4; 4 xI + yC; xI   yC; zI + wC; zI   wC; 4; 8; 20; 402; 2; 4; 4 xI + yC; xI   yC; zI + wC; wI   zC; 4; 20; 24; 242; 2; 4; 4 xI + yC; yI   xC; zI + wC; zI   wC; 8; 12; 12; 40Table 5: Full orthogonal designs in order 72 onstruted from full designs in order 12
A1 A2Type A3 A4 ZEROA5 A6A7 A8(1,2,33,36) (a;b; b; b; b; b; b;b; b) (e; e; e; e; e; e; e; e; e) NPAF(a; b;b;b;b;b;b; b;b) (e; e; e; e; e; e; e; e; e) n = 9(e; e; e; e; e; e; e; e; e) (b; b;b;b;b; b; b;b; b)(e; e; e; e; e; e; e; e; e) (b;b; b; b; ;b;b; b;b)(1,9,26,36) (a;b; a; b;b; b;b;b;b) (e; e; e; e; e; e; e; e; e) NPAF(e; e; e; e; e; e; e; e; e) (b;b; b; b;b; a; a; a; a) n = 9(e; e; e; e; e; e; e; e; e) (b; a; b; a; a;b; b; b; b)(e; e; e; e; e; e; e; e; e) (b; b; b;b; ; b;b;b;b)(2,2,2,2,16,16,16,16) (a; ; ; ; ; d; d; d; d) (e; g; g; g; g; h; h; h; h) NPAF(f; h; h; h; h; g; g; g; g) (b; d; d; d; d; ; ; ; ) n = 9(a; ; ; ; ; d; d; d; d) (e; g; g; g; g; h; h; h; h)(f; h; h; h; h; g; g; g; g) (b; d; d; d; d; ; ; ; )(3,3,6,6,27,27) (a; a; ; d; d; d; d; d; d) (e; e; h; h; h; h; h; h; h) PAF(a; d; ; d; d; d; d; d; d) (e; h; g; h; h; h; h; h; h) n = 9(a; a; d; d; d; d; d; d; d) (e; e; g; h; h; h; h; h; h)(e; g; h; h; h; h; h; h; h) (a; ; d; d; d; d; d; d; d)(3,3,3,3,30,30) (; ; ; a; ; b; ; ; ) (g; g; g; g; e; g; g; g; g) PAF(; ; ; ;b; ; ; ; ) (g; g; g; e; g; f; g; g; g) n = 9(; ; ; ; a; ; ; ; ) (g; g; g; e; g; f; g; g; g)(; ; ; a; ;b; ; ; ) (g; g; g; g; f; g; g; g; g)(3,3,15,51) (d; d; d; a;b; b; d; d; d) (d; d; d;b; d; b; d; d; d) PAF(d; d; d; a; b;b; d; d; d) (d; d; d;b; ;b; d; d; d) n = 9(d; d; d;b; a; b; d; d; d) (d; d; d; d;b; ; d; d; d)(d; d; d;b;b;b; d; d; d) (d; d; d; d; b; ; d; d; d)(6,6,6,6,12,12,12,12) (; d; a; ; d; b; ; d; a) (g; h; e; g; h; f; g; h; e) NPAF(; d; a; ; d; a; ; d; a) (g; h; e; g; h; e; g; h; e) n = 9(; d; b; ; d; a; ; d; b) (g; h; f; g; h; e; g; h; f)(; d; b; ; d;b; ; d;b) (g; h; f; g; h; f; g; h; f)(9,9,9,9,18,18) (a; a; a; a; b; b;b; b; ) (e; e; e; e; g; g; g; g; f) NPAF(g; g; g; g; e; e; e; e; e) (; ; ; ; a; a; a; a; a) n = 9(f; f; f; f; e; e; e; e; e) (b; b; b;b; a; a; a; a; a)(a; a; a; a; ; ; ; ; b) (e; e; e; e; f; f; f; f; g)Table 6: New full orthogonal designs in order 72 onstruted from new amiable sets of eightmatries 7
(1; 2; 33; 36)(1; 9; 26; 36)(2; 2; 2; 66)(2; 2; 4; 64)(2; 2; 16; 52)(2; 2; 18; 50)(2; 2; 20; 48)(2; 2; 32; 36)(2; 2; 34; 34)(2; 4; 16; 50)(2; 4; 18; 48)(2; 4; 32; 34)(2; 6; 16; 48)(2; 6; 32; 32)
(2; 16; 16; 38)(2; 16; 18; 36)(2; 16; 20; 34)(2; 16; 22; 32)(2; 18; 18; 34)(2; 18; 20; 32)(3; 3; 3; 63)(3; 3; 6; 60)(3; 3; 12; 54)(3; 3; 15; 51)(3; 3; 27; 39)(3; 3; 30; 36)(3; 3; 33; 33)(3; 6; 6; 57)
(3; 6; 9; 54)(3; 6; 27; 36)(3; 6; 30; 33)(3; 9; 27; 33)(3; 9; 30; 30)(3; 12; 27; 30)(3; 15; 27; 27)(4; 4; 16; 48)(4; 4; 32; 32)(4; 16; 16; 36)(4; 16; 18; 34)(4; 16; 20; 32)(4; 18; 18; 32)(6; 6; 6; 54)
(6; 6; 12; 48)(6; 6; 18; 42)(6; 6; 24; 36)(6; 6; 27; 33)(6; 6; 30; 30)(6; 9; 27; 30)(6; 12; 12; 42)(6; 12; 18; 36)(6; 12; 24; 30)(6; 12; 27; 27)(6; 16; 16; 34)(6; 16; 18; 32)(6; 18; 18; 30)(6; 18; 24; 24)
(8; 16; 16; 32)(9; 9; 9; 45)(9; 9; 18; 36)(9; 9; 27; 27)(9; 18; 18; 27)(12; 12; 12; 36)(12; 12; 18; 30)(12; 12; 24; 24)(12; 18; 18; 24)(16; 16; 16; 24)(16; 16; 18; 22)(16; 16; 20; 20)(16; 18; 18; 20)(18; 18; 18; 18)Table 7: Full 4-variable OD(72; s1; s2; s3; 72   s1   s2   s3) onstruted from full designspresented in table 6
s1; s2; s31; 8; 631; 14; 571; 24; 471; 25; 461; 30; 411; 31; 401; 32; 392; 23; 473; 8; 613; 11; 583; 13; 563; 14; 553; 17; 523; 26; 433; 28; 413; 29; 403; 31; 383; 32; 374; 5; 634; 19; 495; 8; 595; 9; 58
s1; s2; s35; 14; 535; 18; 495; 20; 475; 24; 435; 25; 425; 27; 405; 28; 395; 29; 385; 30; 375; 32; 355; 33; 346; 7; 596; 13; 536; 19; 477; 8; 577; 9; 567; 13; 527; 14; 517; 18; 477; 20; 457; 21; 447; 22; 43
s1; s2; s37; 24; 417; 25; 407; 26; 397; 27; 387; 28; 377; 30; 357; 31; 347; 32; 338; 9; 558; 11; 538; 13; 518; 15; 498; 17; 478; 19; 458; 21; 438; 23; 418; 25; 398; 27; 378; 29; 358; 31; 339; 14; 499; 17; 46
s1; s2; s39; 19; 449; 20; 439; 22; 419; 23; 409; 24; 399; 31; 3210; 19; 4310; 29; 3311; 12; 4911; 14; 4711; 18; 4311; 19; 4211; 21; 4011; 22; 3911; 23; 3811; 24; 3711; 26; 3511; 28; 3311; 29; 3212; 13; 4712; 17; 4312; 19; 41
s1; s2; s312; 22; 3813; 14; 4513; 19; 4013; 21; 3813; 22; 3713; 24; 3513; 25; 3413; 27; 3214; 15; 4314; 17; 4114; 19; 3914; 20; 3814; 25; 3314; 28; 3015; 17; 4015; 19; 3815; 23; 3415; 25; 3215; 28; 2917; 20; 3517; 22; 3317; 23; 32
s1; s2; s317; 24; 3117; 25; 3017; 27; 2818; 23; 3119; 20; 3319; 21; 3219; 22; 3119; 23; 3019; 24; 2919; 25; 2819; 26; 2720; 21; 3121; 22; 2923; 24; 25
Table 8: The existene of these 124 full OD(72; s1; s2; 72   s1   s2) is not yet established.
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4 SummaryWe have found new designs in order 72 and shown that of 2700 possible OD(72; s1; s2; s3; 72 s1   s2   s3) 335 are known: of 432 possible OD(72; s1; s2; 72  s1   s2) 308 are known; andall possible OD(72; s1; 72  s1) are known.Referenes[1℄ A.V.Geramita, J.M.Geramita, and J.Seberry Wallis, Orthogonal designs, Linear andMultilinear Algebra, 3 (1976), 281-306.[2℄ A.V.Geramita, and J.Seberry, Orthogonal Designs: Quadrati Forms and HadamardMatries, Marel Dekker, New York-Basel, 1979.[3℄ S. Georgiou, C. Koukouvinos, M. Mitrouli and J. Seberry, Neessary and suÆient on-ditions for three and four variable orthogonal designs in order 36, J. Statist. Plann.Inferene, (to appear).[4℄ H. Kharaghani, Arrays for orthogonal designs, J. Combin. Designs, to appear.[5℄ C.Koukouvinos, M.Mitrouli, J.Seberry, and P.Karabelas, On suÆient onditions forsome orthogonal designs and sequenes with zero autoorrelation funtion, Australas. J.Combin., 13 (1996), 197-216.[6℄ C. Koukouvinos, N. Platis and Jennifer Seberry, Neessary and suÆient onditions forsome two variable orthogonal designs in order 36, Congr. Numerantium, 114 (1996),129-139.[7℄ J. Seberry Wallis, On the existene of Hadamard matries, J. Combin. Theory Ser. A,21 (1976), 188-195.
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